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Abstract
In the present paper, we determine some of the zeta-functions of the curves over finite fields of genus 2
by gluing two elliptic curves.
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1. Introduction
It is usually very hard to determine all possible zeta-functions of the curves over finite fields
of a given genus g. To some extent, this is equivalent to determining whether a given abelian
variety is isogenous to a Jacobian. For g = 1, the problem is completely solved by Deuring [2].
For g = 2, Serre [6] and Rück [5] give a partial answer. One of ideas employed by Serre and Rück
is based on the result of Oort and Ueno [3] which states that an abelian variety of dimension 2 is
a Jacobian variety if and only if it has an indecomposable principal polarization. However, it is
not easy to find such a polarization in general.
In this paper, we use the elementary gluing of elliptic curves to find some of the zeta-functions
of curves of genus 2 whose Jacobian is isogenous to the product of two elliptic curves. In other
words, we show that given two elliptic curves satisfying certain conditions, their product is isoge-
nous to the Jacobian of a curve of genus 2 (see Corollary 3.2). A direct result of Corollary 3.2 is
Theorem 4.1 where the conditions in Corollary 3.2 are converted into some numerical ones. One
reason why we consider this problem is motivated by the following question:
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that it has exactly N rational points?
The above question is answered partially by our Theorem 4.1.
We know that the reciprocal of the numerator of the zeta-function of a curve is the char-
acteristic polynomial of the Frobenius endomorphism of the Jacobian of this curve. Hence, it
is sufficient to determine which polynomials can become the characteristic polynomial of the
Frobenius endomorphism of the Jacobian of a curve of genus 2.
In Section 2, we introduce elliptic curves and study 2-torsion points. An elementary gluing
of elliptic curves is presented in Section 3. In Section 4, we determine part of the characteristic
polynomials of the Frobenius endomorphisms of the Jacobians of the curves of genus 2.
We set the following notations throughout this paper.
• q = pr—p is a prime and r is a positive integer;
• X /Fq—a (smooth, projective) algebraic curve over Fq (in particular, we use E/Fq to denote
an elliptic curve);
• g = g(X )—the genus of X ;
• Fq(X )—the function field of X ;
• X (Fq)—the set of the Fq -rational points of X ;
• JX—the Jacobian variety of X ;
• πA—the Frobenius morphism of a varietyA/Fq (in particular, we denote by π the Frobenius
of P1/Fq ).
2. Elliptic curves
An elliptic curve E/Fq is an algebraic curve of genus 1. By the Riemann–Roch theorem, E
is a covering of degree 2 over the projective line P1 with the set of ramified points being the set
E[2] of the 2-torsion points. Then |E[2]| = 4 for odd p, and |E[2]| = 1 or 2 for p = 2.
From [9], we know the possible number of points that an elliptic curve over Fq can have.
Precisely, we have the following result.
Lemma 2.1. (Theorem 4.1 of [9]) Let q = pr for a prime p and an integer r  1. Let t be an
integer with |t | 2√q . Then there is an elliptic curve over Fq with q + 1 + t rational points if
and only if t satisfies one of the following conditions:
(i) gcd(p, t) = 1;
(ii) r is even: t = ±2√q;
(iii) r is even and p ≡ 1 (mod 3): t = ±√q;
(iv) r is odd and p = 2 or 3: t = ±√pq;
(v) r is odd: t = 0;
(vi) r is even and p ≡ 1 (mod 4): t = 0.
Furthermore, we have the following result on the endomorphism rings of elliptic curves.
Lemma 2.2. [9] Let q = pr for a prime p and an integer r  1. Let t be an integer with |t | <
2√q . Then an order R of the integral ring O of the quadratic field Q(√t2 − 4q) occurs as the
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following conditions is satisfied:
(i) gcd(p, t) = 1: R contains the order of O with the discriminant equal to t2 − 4q;
(ii) gcd(p, t) > 1: R contains the order of O with the discriminant equal to t2 − 4q and p is
co-prime to [O :R].
Denote by RE the set of the ramified points of P1 for the covering E/Fq → P1/Fq . It is clear
that |RE | = |E[2]|. Conversely, if we are given a set of R of P1 such that π(R) = R for the
Frobenius map π and |R| = 4 for odd p and 1 |R| 2 for p = 2, then there exists an elliptic
curve E/Fq such that RE = R.
E[2]
RE
E
P1
If p is odd, then an elliptic curve E is totally determined by RE . In other words, if there exists
an automorphism σ in the projective general linear group PGL(2, q) such that σ(RE1) = RE2 ,
then E1 is isomorphic to E2. From now on in this paper, we assume that p is odd. Then we have
|RE | = |E[2]| = 4 for an elliptic curve E/Fq .
From now one, for an elliptic curve E we fix a map E/Fq → P1/Fq so that the notation RE
makes sense.
Lemma 2.3. Let Ei/Fq (i = 1,2) be elliptic curves such that E1 is not isomorphic to E2 and
|E1(Fq) ∩ E1[2]| = |E2(Fq) ∩ E2[2]|, then there exists an elliptic curve E3/Fq such that E3 is
isomorphic to E2 and |RE1 ∩ RE3 | = 3.
Proof. It is sufficient to show that there exists an automorphism σ in the projective general linear
group PGL(2, q) such that |σ(RE2) ∩ RE1 | = 3.
Let φi be the covering Ei → P1. Then the restriction φi on Ei[2] is a bijection onto REi . Hence,
φi(Ei (Fq) ∩ Ei[2]) = P1(Fq) ∩ REi . This implies that |P1(Fq) ∩ RE1 | = |P1(Fq) ∩ RE2 |.
Case 1. |P1(Fq) ∩ REi | = 1.
In this case, REi consists of one rational point and three other conjugate points. As PGL(2,Fq)
is 3-transitive, there exists an automorphism σ ∈ PGL(2,Fq) such that σ maps the three conju-
gate points of RE2 to the three conjugate points of RE1 . As the set of the three conjugate points
of REi is closed under the action of the Frobenius π , the automorphism σ is in fact an element
of PGL(2, q). Hence, the elliptic curve E3 := σ(E2) is defined over Fq and |RE3 ∩ RE1 | = 3
or 4. It is impossible that this intersection has four elements. Otherwise, they are equal and E1 is
isomorphic to E2.
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In this case, REi consists of two distinct rational points and two other conjugate points. Let Ai
(i = 1,2) be a subset of REi such that Ai consists of two conjugate points and one rational point.
Then there exists an automorphism σ ∈ PGL(2, q) such that σ(A2) = A1. Hence, |σ(RE2) ∩
RE1 | 3, and so the intersection has exactly three elements since E1 and E2 are not isomorphic.
Case 3. |P1(Fq) ∩ REi | = 4.
In this case, REi consists of four distinct rational points. Select an automorphism σ ∈
PGL(2, q) such that σ sends a set of three rational points of RE2 to a set of three rational points
of RE1 . Hence, |σ(RE2) ∩ RE1 | 3, and so the intersection has exactly three elements since E1
and E2 are not isomorphic. 
Lemma 2.4. Let Ei/Fq (i = 1,2) be elliptic curves with |E1(Fq)| = |E2(Fq)| and |E1(Fq) ∩
E1[2]| = 2 and |E2(Fq) ∩ E2[2]| = 4. Let |E2(Fq)| = q + 1 + t . If νp(t2 − 4q)  1, then there
exists an elliptic curve E3/Fq such that E3 is isogenous to E2 and |RE1 ∩ RE3 | = 3.
Proof. By Lemma 2.3, it suffices to show that there exists an elliptic curve E/Fq such that E is
isogenous to E2 and |E(Fq) ∩ E[2]| = 2.
Let O be integral ring of the imaginary quadratic field Q(
√
t2 − 4q). Let R be the order of
O with the discriminant equal to t2 − 4q . If gcd(t,p) = 1, then by Lemma 2.2, there exists an
elliptic curve E/Fq such that |E(Fq)| = q + 1 + t and the endomorphism ring EndFq (E) is the
same as R. If p|t , then [O :R] is co-prime to p. Again by Lemma 2.2, there exists an elliptic
curve E/Fq such that |E(Fq)| = q + 1 + t and the endomorphism ring EndFq (E) is the same
as R. We claim that |E(Fq) ∩ E[2]| = 2.
Suppose |E(Fq) ∩ E[2]| = 4, i.e., all points of E[2] are Fq -rational. Then (πE − 1)(P ) = O
for all P ∈ E[2], where O stands for the zero element of E . This implies that (πE − 1)/2 is an
endomorphism of E (see [7, Corollary 4.11]). Hence, we have
Z
[
πE − 1
2
]
⊆ EndFq (E) =R.
This implies that the discriminant of Z[(πE − 1)/2] is divisible by the one ofR (see [1]). On the
other hand, the discriminant of Z[(πE − 1)/2] is equal to (t2−4q)/4. We get a contradiction. 
3. Gluing elliptic curves
Proposition 3.1. Let p be an odd prime. Let Ei/Fq (i = 1,2) be elliptic curves such that E1 is
not isomorphic to E2 and |RE1 ∩ RE2 | = 3. Then there exists a curve X /Fq of genus 2 such that
the Jacobian JX is isogenous to E1 × E2.
Proof. The function field Fq(P1) can be viewed as a subfield of both Fq(E1) and Fq(E2). It is
clear that Fq(E1) ∩ Fq(E2) = Fq(P1) as [Fq(E1) : Fq(P1)] = [Fq(E2) : Fq(P1)] = 2. Hence, the
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For the covering X → P1, the set of ramified points of P1 is the union RE1 ∪ RE2 . By
Abhyankar’s Lemma [8, Proposition III.8.9], we know that every point of RE1 ∪ RE2 has the
ramification index 2. Moreover,
|RE1 ∪ RE2 | = |RE1 | + |RE2 | − |RE1 ∩ RE2 | = 4 + 4 − 3 = 5.
Thus, by the Hurwitz formula we have
2g(X ) − 2 = (2g(P1)− 2)[Fq(X ) : Fq(P1)]+ 2 × 5 × (2 − 1),
i.e., g(X ) = 2. It is clear that the Jacobian of X is isogenous to E1 × E2. 
Corollary 3.2. Let p be odd. Let Ei/Fq (i = 1,2) be elliptic curves. Then there exists a curve
X /Fq of genus 2 such that the Jacobian JX is isogenous to E1 × E2 if one of the followings is
satisfied:
(i) E1 and E2 are not isomorphic and |E1(Fq) ∩ E1[2]| = |E2(Fq) ∩ E2[2]|; or
(ii) |E1(Fq)| = |E2(Fq)|, |E1(Fq) ∩ E1[2]| = 2, |E2(Fq) ∩ E2[2]| = 4 and νp(t2 − 4q)  1 with
t = |E2(Fq)| − q − 1.
Proof. This is a direct consequence of Lemmas 2.3, 2.4 and Proposition 3.1. 
4. The main result
Theorem 4.1. Let q = pr for a prime p > 2 and an integer r  1.
(i) Let t1 and t2 be two distinct integers satisfying one of conditions in Lemma 2.1. Then the
function (T 2 + t1T + q)(T 2 + t2T + q) is the characteristic polynomial of the Frobenius en-
domorphism of the Jacobian of a curve of genus 2 over Fq if one of the following conditions
is satisfied:
(a) t1 ≡ t2 ≡ 0 (mod 2);
(b) t1 ≡ t2 ≡ 2 (mod 4);
(c) q + 1 + t1 ≡ 2 (mod 4), q + 1 + t2 ≡ 0 (mod 4) and νp(t22 − 4q) 1 (or q + 1 + t2 ≡
2 (mod 4) and q + 1 + t1 ≡ 0 (mod 4) and νp(t2 − 4q) 1).1
C. Xing / Journal of Algebra 308 (2007) 734–741 739(ii) Let t be an integer satisfying |t | < 2√q , gcd(t,p) = 1 and q + 1 + t ≡ 0 (mod 4). Then the
function (T 2 + tT + q)2 is the characteristic polynomial of the Frobenius endomorphism of
the Jacobian of a curve of genus 2 over Fq if and only if one of the following conditions is
satisfied:
(a) t2 − 4q is not the discriminant of the quadratic imaginary field Q(√t2 − 4q);
(b) t2 − 4q is the discriminant of the quadratic imaginary field Q(√t2 − 4q) and t2 − 4q is
not one of −3,−4 and −7.
Proof. (i) Let Ei/Fq be elliptic curves with q + 1 + ti rational points for i = 1,2. In the case (a),
it is clear that |E1(Fq) ∩ E1[2]| = |E2(Fq) ∩ E2[2]|. By Corollary 3.2, there exists a curve X /Fq
of genus 2 whose Jacobian is isogenous to E1 × E2, i.e., the characteristic polynomial of the
Frobenius endomorphism of the Jacobian of this curve is (T 2 + t1T + q)(T 2 + t2T + q).
In the case (b), if |E1(Fq) ∩ E1[2]| = |E2(Fq) ∩ E2[2]|, then the desired result follows from
Corollary 3.2 again. Now assume that |E1(Fq) ∩ E1[2]| = |E2(Fq) ∩ E2[2]|. Without loss of gen-
erality, we may assume that |E1(Fq) ∩ E1[2]| = 2 and |E2(Fq) ∩ E2[2]| = 4. Consider the model
E1/〈2P 〉, where P ∈ E1[2](Fq) has order 4. Then E1/〈2P 〉 is isogenous to E1 and (E1/〈2P 〉)[2]
has 4 Fq -rational points. Replacing E1 by E1/〈2P 〉, we obtain the desired result by Corollary 3.2.
In the case (c), the second condition of Corollary 3.2 is satisfied (note that if |E2(Fq)∩E2[2]| =
2, we can replace E2 by E2/〈2P 〉 for a point P ∈ E1[2](Fq) with order 4 to satisfy the second
condition of Corollary 3.2) and hence we have a curve X /Fq of genus 2 whose Jacobian is
isogenous to E1 × E2, i.e., the characteristic polynomial of the Frobenius endomorphism of the
Jacobian of this curve is (T 2 + t1T + q)(T 2 + t2T + q).
(ii) If t2 − 4q is not the discriminant of the quadratic imaginary field Q(√t2 − 4q), then there
exist two elliptic curves E1/Fq and E2/Fq such that |E1(Fq)| = |E2(Fq)| = q + 1 + t and the
endormorphism rings of E1 and E2 are O and R, respectively, where O is the integral ring of
Q(
√
t2 − 4q), while R is the order of O with the discriminant equal to t2 − 4q . It is clear that
|E1(Fq) ∩ E1[2]| = |E2(Fq) ∩ E2[2]| and E1/Fq is not isomorphic to E2 as they have distinct
endomorphism rings. By Corollary 3.2, there exists a curve X /Fq of genus 2 whose Jacobian is
isogenous to E1 × E2, i.e., the characteristic polynomial of the Frobenius endomorphism of the
Jacobian of this curve is (T 2 + tT + q)2.
If t2 − 4q is the discriminant of the quadratic imaginary field Q(√t2 − 4q), Serre [6] shows
that (T 2 + tT + q)2 is the characteristic polynomial of the Frobenius endomorphism of the
Jacobian of a curve of genus 2 over Fq if and only if t2 − 4q is not one of −3,−4 and −7. 
Remark 4.2. Thank the referee for pointing out that some of the above results are also true for
the even characteristic (see [4]).
Example 1. Let q = pr with a prime p > 2 and an integer r > 0.
(i) If r is even, then there exists an elliptic curve E/Fq with q + 2√q points by Lemma 2.1. Put
t = 2√q − 1. Then t2 − 4q = −4√q + 1 and t2 − 4q = −3,−4,−7. Thus, there exists a
curve over Fq of genus 2 with the zeta-function equal to
(qT 2 + (2√q − 1)T + 1)2
(1 − T )(1 − qT ) .
In particular, there exists a curve of genus 2 over Fq with q − 1 + 4√q points.
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Put t = 2√q − 1.
(a) q = a2 + b with 0 b a. In this case, t2 − 4q = −4a − 4b + 1 = −3,−4,−7.
(b) q = a2 + b with a + 1 b 2a. In this case, t2 − 4q = −4b = −3,−4,−7.
Thus, there exists a curve over Fq of genus 2 with the zeta-function equal to
(qT 2 + (2√q − 1)T + 1)2
(1 − T )(1 − qT ) .
In particular, there exists a curve of genus 2 over Fq with q − 1 + 22√q points.
Example 2. Let q = pr with a prime p > 2 and an odd integer r > 0. Assume that both 2√q
and 2√q − 2 are not divisible by p. Then there exists an elliptic curve E1/Fq with q + 1 +
2√q points and E2/Fq with q − 1 + 2√q points by Lemma 2.1. Put q = a2 + b with 0 
b 2a.
(i) a + 1 b 2a. In this case, q + 1 +2√q = q + 2a + 2 and q − 1 +2√q = q + 2a are
both odd. Thus, there exists a curve over Fq of genus 2 with the zeta-function equal to
(qT 2 + 2√qT + 1)(qT 2 + (2√q − 2)T + 1)
(1 − T )(1 − qT ) .
In particular, there exists a curve of genus 2 over Fq with q − 1 + 22√q points.
(ii) 0 b a. In this case, q + 1 + 2√q = q + 2a + 1 and q − 1 + 2√q = q + 2a − 1 are
both even.
If q+1+2a ≡ 0 (mod 4), then νp(t2 −4q) = νp(2a+b−1). Thus, in case νp(2a+b−1)
1, there exists a curve over Fq of genus 2 with the zeta-function equal to
(qT 2 + 2√qT + 1)(qT 2 + (2√q − 2)T + 1)
(1 − T )(1 − qT ) .
If q − 1 + 2a ≡ 0 (mod 4), then νp(t2 − 4q) = νp(b+ 2). Thus, in case νp(b+ 2) 1, there
exists a curve over Fq of genus 2 with the zeta-function equal to
(qT 2 + 2√qT + 1)(qT 2 + (2√q − 2)T + 1)
(1 − T )(1 − qT ) .
In particular, there exists a curve of genus 2 over Fq with q − 1 + 22√q points.
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